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Introduction
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@ The hyperfine structure of atomic hydrogen is derived in a simple and
self-contained way, using degenerate perturbation theory.
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@ The hyperfine structure of atomic hydrogen is derived in a simple and
self-contained way, using degenerate perturbation theory.

@ We then apply our mechanism to exotic atoms like - positronium,
muonium, and muonic hydrogen.
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@ The hyperfine structure of atomic hydrogen is derived in a simple and
self-contained way, using degenerate perturbation theory.

@ We then apply our mechanism to exotic atoms like - positronium,
muonium, and muonic hydrogen.

@ Finally, we have an intuitive discussion on Why is the Singlet level
lower?
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Origin of the Vector Potential Equation

Expression for A(r) originates from Maxwell's equations for
magnetostatics. (Proof in appendix)

,uomx?

A = E0T ey
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Origin of the Vector Potential Equation

Expression for A(r) originates from Maxwell's equations for
magnetostatics. (Proof in appendix)

Mo M X ¥
A =10" 1)
where the magnetic dipole moment m for a volume current distribution is
defined as:
m = ;/(r’ x J(r')) dv/ (2)
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Origin of the Vector Potential Equation

Expression for A(r) originates from Maxwell's equations for
magnetostatics. (Proof in appendix)

,uomx?
A(r) = — 1
(n =4t 1)

where the magnetic dipole moment m for a volume current distribution is
defined as:

m = ;/(r’ x J(r')) dv/ (2)

The magnetic field B(r) is curl of the vector potential (B =V x A).

v x A(r) = B(r) = (42 <r13> [3(m - #)F — m] (3)
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Theorem : Statement

Theorem : The average magnetic field over a spherical volume of radius
R, due to an arbitrary configuration of steady currents within the sphere, is

B, = (12) 2% (4)
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Theorem : Statement

Theorem : The average magnetic field over a spherical volume of radius
R, due to an arbitrary configuration of steady currents within the sphere, is

(Mo 2m
B = (4) &5 )
where m is the total dipole moment of the sphere.
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The Failure of the Standard Dipole Field

we derived the magnetic field

Bout(r)

[3(m - F)F —m] (5)

47 r3
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The Failure of the Standard Dipole Field

we derived the magnetic field

Boue(r) = ;-5 [3(m - F)f — m] (5)

Why does this violate the Theorem ?
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The Failure of the Standard Dipole Field

we derived the magnetic field

Boue(r) = ;-5 [3(m - F)f — m] (5)
Why does this violate the Theorem ?
@ Theorem states the average field over a sphere is B, = ﬁ%—m.
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The Failure of the Standard Dipole Field

we derived the magnetic field

Mo PN
Bout(r) = 5 [3(m - 7)F — m] ()
Why does this violate the Theorem ?

@ Theorem states the average field over a sphere is B, = ff—ﬁ%‘.

o If we attempt to integrate Byt over a spherical volume to find the
average, the integral is indeterminate due to the strong singularity at
r = 0. So this model ignores what happens in the origin .
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The Internal Field from a Boundary Value Problem

To resolve , we treat the ideal point dipole as the limit of a uniformly
magnetized sphere of radius a and magnetization M, where m = %wa3M.
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The Internal Field from a Boundary Value Problem

To resolve , we treat the ideal point dipole as the limit of a uniformly
magnetized sphere of radius a and magnetization M, where m = %wa3M.

Solving the magnetic boundary value problem for sphere we get (uniform
internal field:(Appendix)

2 m
Bin(r) = g,qu = (%2) 3 forr<a (6)
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The Internal Field from a Boundary Value Problem

To resolve , we treat the ideal point dipole as the limit of a uniformly
magnetized sphere of radius a and magnetization M, where m = %wa3M.

Solving the magnetic boundary value problem for sphere we get (uniform
internal field:(Appendix)

2 Mo M
Bin(r) = g,qu = (Z) 3 forr<a (6)
While the field outside (r > a) exactly matches our standard dipole field
Bout-
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Motivating the Delta Function

Consider the ideal dipole limit where the sphere shrinks to a point
(a—0):
@ The volume goes to zero.

@ The internal field magnitude goes to infinity (B, o< 1/a%).
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Motivating the Delta Function

Consider the ideal dipole limit where the sphere shrinks to a point
(a—0):

@ The volume goes to zero.
@ The internal field magnitude goes to infinity (B, o< 1/a%).

Crucially, the volume integral of this internal field remains constant,

regardless of a:
/Bde— (27733) <37ra> —3,uom (7)
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Motivating the Delta Function

Consider the ideal dipole limit where the sphere shrinks to a point
(a—0):

@ The volume goes to zero.
@ The internal field magnitude goes to infinity (B, o< 1/a%).

Crucially, the volume integral of this internal field remains constant,

regardless of a:
/Bde— (27733) <37ra> —3,uom (7)

A function that is infinite at the origin, zero everywhere else, and has a
finite integral is exactly the Dirac delta function.

lim Bio(r) = 2 1omd’() (8)
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The Complete Magnetic Field

So for mathematical consistency
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The Complete Magnetic Field

So for mathematical consistency

The complete magnetic field of an ideal dipole is:

B(r) =

0 13(m - )f — m] + 2 pomd’(r) ©)
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The Hyperfine Hamiltonian
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The Hyperfine Hamiltonian

We shall deduce the Hyperfine term in the Hydrogen Hamiltonian, due to

the interaction of the magnetic dipole m, (of the electron), with the
dipolar magnetic field B, (of the proton/nucleus).

HHFS = —Me - Bp(r)
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Motivation: The interaction potential energy

@ In atoms, the nucleus possesses a magnetic moment due to its spin.
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Motivation: The interaction potential energy

@ In atoms, the nucleus possesses a magnetic moment due to its spin.
@ The electron also behaves like a magnetic dipole because of:
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Motivation: The interaction potential energy

@ In atoms, the nucleus possesses a magnetic moment due to its spin.
@ The electron also behaves like a magnetic dipole because of:
e orbital angular momentum,
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Motivation: The interaction potential energy

@ In atoms, the nucleus possesses a magnetic moment due to its spin.
@ The electron also behaves like a magnetic dipole because of:

e orbital angular momentum,
@ intrinsic spin.
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Motivation: The interaction potential energy

@ In atoms, the nucleus possesses a magnetic moment due to its spin.
@ The electron also behaves like a magnetic dipole because of:
e orbital angular momentum,
@ Intrinsic spin.
@ Therefore, an electron moving in the magnetic field produced by the
nucleus experiences an interaction energy.
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Motivation: The interaction potential energy

In atoms, the nucleus possesses a magnetic moment due to its spin.

The electron also behaves like a magnetic dipole because of:

e orbital angular momentum,
@ intrinsic spin.
@ Therefore, an electron moving in the magnetic field produced by the
nucleus experiences an interaction energy.

@ To derive this interaction energy, we first derive general potential
energy of a magnetic dipole in an external magnetic field.
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Motivation: The interaction potential energy
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Motivation: The interaction potential energy

Consider a permanent dipole created by a current (I) carrying circular loop
of area An.
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Motivation: The interaction potential energy

Consider a permanent dipole created by a current (I) carrying circular loop
of area An.

m = IAd

In the presence of an external magnetic field B, if our dipole makes an
angle 0, at any time t, the magnitude of torque acting on it is,

7 =m x B = mBsin0k
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Motivation: The interaction potential energy

7 =m x B = mBsin 0k

@ Suppose an external torque Tyt is applied in such a manner that it
just neutralises this torque and rotates it in the plane of the slide
from angle 0y to 61,
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Motivation: The interaction potential energy

7 =m x B = mBsin 0k

@ Suppose an external torque Tyt is applied in such a manner that it
just neutralises this torque and rotates it in the plane of the slide
from angle 0y to 61,

@ at an infinitesimal angular speed and without angular acceleration,

61 0
o W :/ Text -d0 = AU + AK™
(7]

0
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Motivation: The interaction potential energy

7 =m x B = mBsin 0k

@ Suppose an external torque Tyt is applied in such a manner that it
just neutralises this torque and rotates it in the plane of the slide
from angle 0y to 61,

@ at an infinitesimal angular speed and without angular acceleration,

61 0
o W :/ Text -d0 = AU + AK™
(7]

0

01
Wext = / mB sin §d0 = mB(cos 6y — cos 61)
0

0
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Motivation: The interaction potential energy

@ Weyx = mB(cosfy — cosb)
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Motivation: The interaction potential energy

@ Weyx = mB(cosfy — cosb)

@ This work is stored as the potential energy of the system.
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Motivation: The interaction potential energy

@ Weyx = mB(cosfy — cosb)
@ This work is stored as the potential energy of the system.

@ We can then associate potential energy U(f) with an inclination of
the dipole 6.
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Motivation: The interaction potential energy

@ Weyx = mB(cosfy — cosb)
@ This work is stored as the potential energy of the system.

@ We can then associate potential energy U(f) with an inclination of
the dipole 6.
@ A natural choice: 0y = /2
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Motivation: The interaction potential energy

@ Weyx = mB(cosfy — cosb)

@ This work is stored as the potential energy of the system.

@ We can then associate potential energy U(f) with an inclination of
the dipole 6.

@ A natural choice: 0y = /2

°
U(0) = mB(cosm/2 — cosf)) = —mBcos = —m - B
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The Hyperfine Hamiltonian

@ Thus,
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The Hyperfine Hamiltonian

@ Thus,

@ For our problem,

and,
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The Hyperfine Hamiltonian

@ Thus,
U=-m-B
@ For our problem,
m=m,
and,
° 3%(F - m,) 2
fo OF(r -mp) —m Ho
B,(r) = o r’; P+ Tmpé(r)
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The Hyperfine Hamiltonian

@ Thus,
U=-m-B
@ For our problem,
m=m,
and,
° 3%(F - m,) 2
fo OF(r -mp) —m Ho
B,(r) = o r’; P+ Tmpé(r)

o ldentifying interaction energy as the perturbation Hamiltonian:

HHFS = —Mge " Bp(r)
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The Hyperfine Hamiltonian

HHFS = —Mg " Bp(r)

_ _&3(? . r“e)(,I> . mP) — Me - mp _ 2ﬂme . mpd(r)
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The Hyperfine Hamiltonian

contact
Hyps = —mg - Bp(r) interaction
(F- me)(F-m,)
B o 3(F - me)(F-mpy) —me -m, 210
= — E r3 — Tme 0 mpé(r)

dipole-dipole
interaction
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The Hyperfine Hamiltonian

In the Quantum Mechanical version, the magnetic moments are now
related to the spin operators as follows:
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The Hyperfine Hamiltonian

In the Quantum Mechanical version, the magnetic moments are now
related to the spin operators as follows:

Team Sloth

e
Me = ’Yese = geﬁse
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The Hyperfine Hamiltonian

In the Quantum Mechanical version, the magnetic moments are now
related to the spin operators as follows:

Team Sloth

e
Me = ’Yese = geﬁse
e

e
mp =7pSp = gpﬁsp
p
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The Hyperfine Hamiltonian

In the Quantum Mechanical version, the magnetic moments are now
related to the spin operators as follows:

e
Me = ’Yese = geﬁse
e

e
mp =7pSp = gpﬁsp
p

The Hypg is then:

po 3(F - Se)(F-Sp) — Se - Sp
47 r3

2
Hips = fmp( - - %se : spcs(r))
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The Complete Hamiltonian

Therefore, the complete Hamiltonian for the problem is:

H= Hatom + HHFS
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The Complete Hamiltonian

Therefore, the complete Hamiltonian for the problem is:

H= Hatom + HHFS

where, Hatom is the Hydrogen-atom Hamiltonian given by:

h2 v2 e2

H. =——
atom 21 degr
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The Complete Hamiltonian

Therefore, the complete Hamiltonian for the problem is:

H= Hatom + HHFS

where, Hatom is the Hydrogen-atom Hamiltonian given by:

h2 v2 e2

H. =——
atom 21 degr

and, Hgrs is given as:

110 3(7 - Se)(7+ Sp) — Se - S,
4 r3

2
HHFS = 787p< - - %Se : Sp(S(I’)>
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Degenerate states

The problem demands the use of the spin states of the proton (nucleus)
and electron. H,iom has four degenerate states.
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and electron. H,iom has four degenerate states.

Let us denote:
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Degenerate states

The problem demands the use of the spin states of the proton (nucleus)
and electron. H,iom has four degenerate states.

Let us denote:

@ |¢100) the ground state of Hydrogen atom
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Degenerate states

The problem demands the use of the spin states of the proton (nucleus)
and electron. H,iom has four degenerate states.

Let us denote:

@ |¢100) the ground state of Hydrogen atom

1 1 1 1
° Mg ‘Sq—z’mq—§> and [J)g ‘quz’mq:*§>q the
spin-half eigenstate of the spin operators 53 and 5((,2)
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Degenerate states

The problem demands the use of the spin states of the proton (nucleus)
and electron. H,iom has four degenerate states.

Let us denote:

@ |¢100) the ground state of Hydrogen atom
1 1

° Mg = |sq = 2’mq—%> and [J)g ‘qui’mq:*%q the

spin-half eigenstate of the spin operators 53 and S

q = e for electron and g = p for proton
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Degenerate states

Then, the four degenerate eigenstates of the Hamiltonian H,ton are:
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Degenerate states

Then, the four degenerate eigenstates of the Hamiltonian H,ton are:

® [Y100) Nedp) := [1100) @ [L)e @ 1),
® [P100) [Tedp) := [th100) @ [1)e @ 1),
® [Y100) NeTp) := [1100) @ [L)e @ (1),
® [Y100) [TeTp) = [t100) @ [1)e @ [1),
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Degenerate states

Then, the four degenerate eigenstates of the Hamiltonian H,ton are:

® [Y100) Nedp) := [1100) @ [L)e @ 1),
® [P100) [Tedp) := [th100) @ [1)e @ 1),
® [Y100) NeTp) := [1100) @ [L)e @ (1),
® [Y100) [TeTp) = [t100) @ [1)e @ [1),

Note: Any linear combination of the above eigenstate is also an eigenstate
of Hatom with the same eigenenergy Eg. Hence, there is an ambiguity on
the choice of the degenerate eigenstates.
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Degenerate states

Then, the four degenerate eigenstates of the Hamiltonian H,ton are:

® [Y100) Nedp) := [1100) @ [L)e @ 1),
® [P100) [Tedp) := [th100) @ [1)e @ 1),
® [Y100) NeTp) := [1100) @ [L)e @ (1),
® [Y100) [TeTp) = [t100) @ [1)e @ [1),

Note: Any linear combination of the above eigenstate is also an eigenstate
of Hatom with the same eigenenergy Eg. Hence, there is an ambiguity on
the choice of the degenerate eigenstates.

Therefore, to solve the above problem, Degenerate perturbation theory
must be invoked.
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Degenerate Perturbation Theory (DPT): Brief review

Let the Hamiltonian for a problem be:
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Degenerate Perturbation Theory (DPT): Brief review

Let the Hamiltonian for a problem be:

H=HO® £ X6H; xel0,1]
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Degenerate Perturbation Theory (DPT): Brief review

Let the Hamiltonian for a problem be:

H=HO® £ X6H; xel0,1]

Let H®) have degenerate eigenstates ‘n(o); 1> s ey n(o); m> with

eigenenergy E,(,O)
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Degenerate Perturbation Theory (DPT): Brief review

Let the Hamiltonian for a problem be:
H=HO® £ X6H; xel0,1]

Let H(©®) have degenerate eigenstates ‘n(o); 1> s

n(o); m> with
eigenenergy E,(,O)

The first order correction to the degenerate eigenstates is given as:

EC) = (n®; k| ok 0@ k)
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Degenerate Perturbation Theory (DPT): Brief review

Let the Hamiltonian for a problem be:
H=HO® £ X6H; xel0,1]

Let H®) have degenerate eigenstates ‘n(o); 1> s ey n(o); m> with

eigenenergy E,(,O)

The first order correction to the degenerate eigenstates is given as:

EC) = (n®; k| ok 0@ k)

where the chosen degenerate eigenstates }n(o); k> of HO are also the
eigenstates of H, also known as the good basis states
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Application of DPT to HFS problem

For our problem, the unperturbed Hamiltonian H(©) is the Hydrogen atom
Hamiltonian

las the degeneracy arise due to spin states only and not’due to the spatial partci)i0g
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Application of DPT to HFS problem

For our problem, the unperturbed Hamiltonian H(©) is the Hydrogen atom
Hamiltonian

The perturbation Hamiltonian §H is the HFS Hamiltonian

las the degeneracy arise due to spin states only and not’due to the spatial partci)i0g
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Application of DPT to HFS problem

For our problem, the unperturbed Hamiltonian H(©) is the Hydrogen atom
Hamiltonian

The perturbation Hamiltonian §H is the HFS Hamiltonian

Since the choice of degenerate eigenstates is ambiguous for now, we
denote it as:

las the degeneracy arise due to spin states only and not’due to the spatial partci)i0g
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Application of DPT to HFS problem

For our problem, the unperturbed Hamiltonian H(©) is the Hydrogen atom
Hamiltonian

The perturbation Hamiltonian §H is the HFS Hamiltonian

Since the choice of degenerate eigenstates is ambiguous for now, we
denote it as:

{Iv100; k) == |th100) k) }h=y

las the degeneracy arise due to spin states only and not’due to the spatial partci)i0g
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Application of DPT to HFS problem

For our problem, the unperturbed Hamiltonian H(©) is the Hydrogen atom
Hamiltonian

The perturbation Hamiltonian §H is the HFS Hamiltonian

Since the choice of degenerate eigenstates is ambiguous for now, we
denote it as:

{Iv100; k) == |th100) k) }h=y

where |k) is some linear combination of the spin states?

las the degeneracy arise due to spin states only and not’due to the spatial partci)i0g
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Energy Correction

Therefore, the first order corrected energy is

Eélk) = (1100; k| Hurs [1100; k)

where, we recall that 19 is the unperturbed ground state s-orbital
wavefunction.

bi0o(r, 0, ¢) = (wa)H2e /2
where a = h?/me? = 0.0529 nm (First Bohr Radius)
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Energy Correction

Therefore,

AEé’lk) = (¥100; k| Hurs [¢100; k)

<I’|1/)100; k> = 7/)100(r, 9, gb) |k> = (7Ta3)_1/2e_r/3 |k>

Excluding constants,

. ESQ ~ (K] (/ dQdr /2/3(r~me)(r-mp) — M Mp o-2r/a
) ]Ra

r3
- /R3 r2drdQ (m, - mp)\wloo(r)!25(r)> k)

Team Sloth HYPERFINE SPLITTING April 16, 2026



Energy Correction

Let us observe the first term
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Energy Correction

Let us observe the first term

< [Tar s [ aa moeme) - [ aagme )
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Energy Correction

Let us observe the first term

< [Tar s [ aa moeme) - [ aagme )

/O°° " [3/9@(? -me)(P- mp) — 47 (m, - m")]

r
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Energy Correction

Let us observe the first term

< [Tar s [ aa moeme) - [ aagme )
[T 3 [ 4 m)Em,) — an(m, )|

= sin #dfd¢

Let a and b be two constant vectors.
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Energy Correction

Let us observe the first term

< [Tar s [ aa moeme) - [ aagme )

/O°° " [3/9@(? -me)(P- mp) — 47 (m, - m")]

r

0 e72r/a
/ dr p [47(me - mp) — 4w (m, - mp)]
0
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Energy Correction

Let us observe the first term
00 e—2r/a
N/ dr [3/ dQ(¥ - me)(F-mp) — / dQ(me - mp)}
0 r Q Q
0o eer/a
/ dr p [3/ dQ(¥ - me)(¥ - mp) — dr(me - mp)]
0 Q

0 e72r/a
/ dr p [47(me - mp) — 4w (m, - mp)]
0

=0
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Energy Correction

Let's look at the second term with the constants
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Energy Correction

Let's look at the second term with the constants

_ % (k| (/Rs r2drdQ (m, - mp)l¢1oo(r)|25(r)> 1K)
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Energy Correction

Let's look at the second term with the constants

=20 44y ([ araq (mem)vras() 50 ) )

Because of the 3-D Dirac Delta function, the integral over the entire space
easily gives:

20 100 O)]2 (me - )
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Energy Correction

Let's look at the second term with the constants

_ % (k| (/Rs r2drdQ (m, - mp)l¢1oo(r)|25(r)> 1K)

Because of the 3-D Dirac Delta function, the integral over the entire space
easily gives:

~22}100(0)/2 (me - my)

The value of |1/100(0)|? =

1
a3
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Energy Correction

Let's look at the second term with the constants

_ % (k| (/Rs r2drdQ (m, - mp)l¢1oo(r)|25(r)) 1K)

Because of the 3-D Dirac Delta function, the integral over the entire space
easily gives:

~22}100(0)/2 (me - my)

The value of |1/100(0)|? = %

So, second term reduces to

2410
 37a3 (me - mp)
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Energy Correction

Substitute,
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Energy Correction

Substitute, .

Me = "8, 00 M = 8oy, 0
e p

This gives,

2
Ok 6rmemp,a’ (SeSp)

for the ground state. It is also known as spin-spin coupling.
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Conserved Quantity

The effective perturbation Hamiltonian is thus reduced to the spin-spin
coupling term. In its presence, the z-component of the S, and S, are not

conserved quantities anymore and hence are not “good” quantum
numbers.
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Conserved Quantity

The effective perturbation Hamiltonian is thus reduced to the spin-spin
coupling term. In its presence, the z-component of the S, and S, are not

conserved quantities anymore and hence are not “good” quantum
numbers.

This can be further seen as follows:
[Se - SP’S,SZ)] —ih (5.9)5,9) _ 5£X)5,gy)) 20
[Se-S,, S =in <5§x) 59 _ g» 5})@) 40

Team Sloth HYPERFINE SPLITTING April 16, 2026



Conserved Quantity: Total Spin Operator

The spin-spin coupling term can be reduced to:
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Conserved Quantity: Total Spin Operator

The spin-spin coupling term can be reduced to:

Se S, = %(F2—5§—5§)
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Conserved Quantity: Total Spin Operator

The spin-spin coupling term can be reduced to:
1 2 2
Se'Sp:E(F -5:-5,)
where F is the total spin operator defined as follows:

F=S.+S,
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Conserved Quantity: Total Spin Operator

The spin-spin coupling term can be reduced to:
Se:Sp= 1(F2 —52-52)
2
where F is the total spin operator defined as follows:
F=S.+5,

One can easily check that F(2) and F? are conserved quantities for the
problem.

[Se-Sp, FP] =0
[Se-Sp, FA1 =0
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Good Basis States

The good basis states are then the common eigenstates of F(2) and F2
operator and hence the choice for our |k) states
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Good Basis States

The good basis states are then the common eigenstates of F(2) and F2
operator and hence the choice for our |k) states

Triplet States (f = 1):

1,1) = | 1tp)
1,0) = é (I Telp) + | Letp))
1,-1) = [ Lely)
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Good Basis States

The good basis states are then the common eigenstates of F(2) and F2
operator and hence the choice for our |k) states

Triplet States (f = 1):

1,1) = | 1tp)
1,0) = é (I Telp) + | Letp))
1,-1) = [ Lely)

Singlet State (f = 0):

‘07 O> 7 (’ Teip) ‘ \LeTP>)
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Energy Correction

We now evaluate the term (S, -Sp) = 2(F% — 52 — S2)
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Energy Correction

We now evaluate the term (S, -Sp) = 2(F% — 52 — S2)
Triplet States (f = 1):

1.3 3., 1

(L1Se-Spl1,1) = 5(2— 7 — DIF* = 7h
(1,0]Se S, [1,0) = 5(2— 3 — J)* = 3h
1y 3 32 1

(L-1Se S, |1, -1) = 52— 5 — W’ = 7h
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Energy Correction

We now evaluate the term (S, -Sp) = 2(F% — 52 — S2)
Triplet States (f = 1):

1.3 3., 1

. ol 2 S\p2 . 12
(L1Se-Spl1,1) = 5(2— 7 — DIF* = 7h
(1,01Se - Sp[1,0) = 5(2— 7 — W2 = 7h

1y 3 32 1
(L-1Se S, |1, -1) = 52— 5 — W’ = 7h

Singlet State (f = 0):

103 3., 3,

Team Sloth HYPERFINE SPLITTING April 16, 2026



Energy Correction

The final energy correction is thus:

O " 6rmempad —3  (Singlet)

£ _ [108e8pe> I {}1 (Triplet)
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Energy Correction

The final energy correction is thus:

O " 6rmempad —3  (Singlet)

£ _ [108e8pe> I {}1 (Triplet)

The energy gap between the triplet and singlet states is given as:

272

_ 08e8pe N

Aburs = 6Tm.mya3
eMp
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Lifting of Degeneracy

triplet

unperturbed

Team Sloth

AEgyps

singlet
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Calculation for H-Atom
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HFS splitting: Normal Hydrogen

We substitute the values: g = 2.0023 g, = 5.5857
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HFS splitting: Normal Hydrogen

We substitute the values: g = 2.0023 g, = 5.5857
To get:

AEHFS,hyd = 5.884 x 1076 eV
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HFS splitting: Normal Hydrogen

We substitute the values: g = 2.0023 g, = 5.5857
To get:

AEHFS,hyd = 5.884 x 1076 eV

Then, frequency is:

_ AEgrs hyd

5 = 1422.8 MHz
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HFS splitting: Normal Hydrogen

We substitute the values: g = 2.0023 g, = 5.5857
To get:

AEHFS,hyd = 5.884 x 1076 eV

Then, frequency is:

_ AEgrs hyd

5 = 1422.8 MHz

And, wavelength is:
A= 1 = 21.07 cm
14
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HFS splitting: Normal Hydrogen

We substitute the values: g = 2.0023 g, = 5.5857
To get:

AEHFS,hyd = 5.884 x 1076 eV

Then, frequency is:

_ AEgrs hyd

5 = 1422.8 MHz

And, wavelength is:
A= 1 = 21.07 cm
14

The measured value is: v = 1420.405 751 766 7 MHz
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HFS splitting: Normal Hydrogen

We substitute the values: g = 2.0023 g, = 5.5857
To get:

AEHFS,hyd = 5.884 x 1076 eV

Then, frequency is:

_ AEgrs hyd

5 = 1422.8 MHz

And, wavelength is:
1
A=—=21.07 cm
v
The measured value is: v = 1420.405 751 766 7 MHz

The discrepancy of approx. 2.4 MHz can be explained through Quantum
Electrodynamics corrections
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HFS splitting: Normal Hydrogen

It is useful to express the hyperfine splitting in terms of the electronic
binding energy of the ground state (R = h?/2ua® = 13.6058 eV):
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HFS splitting: Normal Hydrogen

It is useful to express the hyperfine splitting in terms of the electronic
binding energy of the ground state (R = h?/2ua® = 13.6058 eV):

R2
AEyFs, hyd = 3 . 2828 (41)
p
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HFS splitting: Normal Hydrogen

It is useful to express the hyperfine splitting in terms of the electronic
binding energy of the ground state (R = h?/2ua® = 13.6058 eV):

R2
AEyFs, hyd = 3 . 2828 (41)
p

The fine structure on the other hand goes like —*—, and is therefore
typically greater by a factor on the order of :;’: = 1836
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Calculations for Exotic Atoms

Team Sloth HYPERFINE SPLITTING April 16, 2026



HFS Splitting: Positronium

In Positronium, the fine and hyperfine splittings are roughly equal as
mer

me
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HFS Splitting: Positronium

In Positronium, the fine and hyperfine splittings are roughly equal as
me+ —
me

Applying the reduced mass correction, one obtains:

1 3
AEurs pos = 5 (1 + ::) (2) (';:) x AEyrsnyd = 4.849 x 107 eV
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HFS Splitting: Positronium

In Positronium, the fine and hyperfine splittings are roughly equal as
me+ —
me

Applying the reduced mass correction, one obtains:

1 3
AEurs pos = 5 (1 + ::) (2) (';:) x AEyrsnyd = 4.849 x 107 eV

The discrepancy with the experimental value of 8.411 x 10~* eV is
primarily due to pair annihilation, which adds an additional %AEHFS,pos
to the splitting.
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HEFS Splitting: Muonium

For Muonium (where a anti-muon substitutes for the proton) with
gu = 2.0023, the splitting is:
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HEFS Splitting: Muonium

For Muonium (where a anti-muon substitutes for the proton) with
gu = 2.0023, the splitting is:

1+ me/m 3g m
S TP ) S TP A s hyd = 1.8493 x 1075 eV
1+ me/my '

AEHFS,muon - ( g m
p My
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HEFS Splitting: Muonium

For Muonium (where a anti-muon substitutes for the proton) with
gu = 2.0023, the splitting is:

1+ me/m 3g m
S TP ) S TP A s hyd = 1.8493 x 1075 eV
1+ me/my '

AEHFS,muon - ( g m
p My

This matches well with the experimental value of 1.8458885 x 107> eV.
The 0.2% discrepancy is a result of quantum electrodynamical corrections.
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HFS Splitting: Muonic Hydrogen

In Muonic Hydrogen (where a muon substitutes for the electron), the
hyperfine splitting would be “gigantic”:
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HFS Splitting: Muonic Hydrogen

In Muonic Hydrogen (where a muon substitutes for the electron), the
hyperfine splitting would be “gigantic”:

1+ mp/me\> g, me
AE =(—P2 =) £ _EAFR = 0.18296 eV
HFS, uhyd <1 n mp/mu> 2. m, HFS,hyd = 0.18296 e

Team Sloth HYPERFINE SPLITTING April 16, 2026



HFS Splitting: Muonic Hydrogen

In Muonic Hydrogen (where a muon substitutes for the electron), the
hyperfine splitting would be “gigantic”:

1+ mp/me\> g, me
AE =(—P2 =) £ _EAFR = 0.18296 eV
HFS, uhyd <1 n mp/mu> 2. m, HFS,hyd = 0.18296 e

This corresponds to a wavelength of 67800 A, in the infrared region. Note
that, this quantity has not yet been measured directly in the laboratory.
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Discussions
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Full Expression of Interaction Energy

Electric Dipole-Dipole Interaction Energy (WEg):

_ 47:60 [Pl P2 — 3(rp31 F)(p2 - ?)+437T(p1 . p2)53(r)] (10)

We
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Full Expression of Interaction Energy

Electric Dipole-Dipole Interaction Energy (WEg):

— 4;60 [pl P2 — 3(rP31 F)(p2 - ?)+4;(p1 : p2)53(r)] (10)

We

Magnetic Dipole-Dipole Interaction Energy (Wy):

W

_ %2 [ml smy — 3(::1 F)(mo - ?)—8;(m1 : m2)63(r)} (11)
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Long-Range Interaction (r — o)

Claim: At large distances (r > dipole size), only 1/r3 is in the interaction.
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Long-Range Interaction (r — o)

Claim: At large distances (r > dipole size), only 1/r3 is in the interaction.
For magnetic dipoles, the energy simplifies to:

W = ﬂml m2[cos(91 — 92) — 3cos 64 cos 92] (12)
4rr3
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Long-Range Interaction (r — o)

Claim: At large distances (r >> dipole size), only 1/r3 is in the interaction
For magnetic dipoles, the energy simplifies to:

220 mymalcos(6 — 62) — 3 cos B cos 0] (12)
T

Alignment: The minimum energy occurs at 1 =6, =0. Or6; =6 =7
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Long-Range Interaction (r — o)

Figure: Magnetic Dipoles (r — c0)
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Short-Range Interaction (r — 0)

Claim: As r — 0, the dipoles superimpose, and the delta-function §3(r)
term completely dominates the interaction energy.
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Short-Range Interaction (r — 0)

Claim: As r — 0, the dipoles superimpose, and the delta-function §3(r)
term completely dominates the interaction energy.

o Electric Dipoles: Modeled as separated point charges. As r — 0, the
positive end of one attracts the negative end of the other, sticking
together perpendicularly. They align antiparallel to minimize energy.
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Short-Range Interaction (r — 0)

Claim: As r — 0, the dipoles superimpose, and the delta-function §3(r)
term completely dominates the interaction energy.

o Electric Dipoles: Modeled as separated point charges. As r — 0, the
positive end of one attracts the negative end of the other, sticking
together perpendicularly. They align antiparallel to minimize energy.

@ Magnetic Dipoles: Modeled as circular current loops. Parallel
currents attract. As they merge at r — 0, the currents flow in the
same direction, forcing them to lie parallel.
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Short-Range Interaction (r — 0)

Figure: Electric Dipoles (r — 0)

- —>

Figure: Magnetic dipoles (r — 0)
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Singlet vs. Triplet States in Hydrogen

In the ground state of hydrogen, the electron and proton wavefunctions
overlap, meaning r = 0 is highly probable. The delta-function term
dictates the energy splitting.
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Singlet vs. Triplet States in Hydrogen

In the ground state of hydrogen, the electron and proton wavefunctions
overlap, meaning r = 0 is highly probable. The delta-function term

dictates the energy splitting.

The States:

o Singlet State: Proton and electron spins are antiparallel. Because of
their intrinsic properties, this means their magnetic moments are

parallel.
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Singlet vs. Triplet States in Hydrogen

In the ground state of hydrogen, the electron and proton wavefunctions
overlap, meaning r = 0 is highly probable. The delta-function term
dictates the energy splitting.

The States:

o Singlet State: Proton and electron spins are antiparallel. Because of
their intrinsic properties, this means their magnetic moments are
parallel.

o Triplet State: Proton and electron spins are parallel, meaning their
magnetic moments are antiparallel.
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Singlet vs. Triplet States in Hydrogen

In the ground state of hydrogen, the electron and proton wavefunctions
overlap, meaning r = 0 is highly probable. The delta-function term
dictates the energy splitting.

The States:

o Singlet State: Proton and electron spins are antiparallel. Because of
their intrinsic properties, this means their magnetic moments are
parallel.

o Triplet State: Proton and electron spins are parallel, meaning their
magnetic moments are antiparallel.

Energy Claim: Because the magnetic delta-function interaction strongly
favors parallel magnetic moments as r — 0, the singlet state minimizes
the interaction energy. Therefore, the singlet state represents the lowest
energy configuration (ground state hyperfine splitting).
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Signing Off

THANK YOU SIR :)
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Applications
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Astrophysical Applications: The 21 cm Line

The Transition

@ The Mechanism: When an electron transitions from the triplet state
to the singlet state it emits a photon.
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Astrophysical Applications: The 21 cm Line

The Transition

@ The Mechanism: When an electron transitions from the triplet state
to the singlet state it emits a photon.

@ The Signature: The energy difference is tiny
(AE =~ 5.87 x 107° eV), corresponding to a photon with a specific
wavelength of 21.106 cm (frequency ~ 1420 MHz).(Showed before)
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Astrophysical Applications: The 21 cm Line

The Transition
@ The Mechanism: When an electron transitions from the triplet state
to the singlet state it emits a photon.
@ The Signature: The energy difference is tiny
(AE =~ 5.87 x 107° eV), corresponding to a photon with a specific
wavelength of 21.106 cm (frequency ~ 1420 MHz).(Showed before)

Why it matters:

@ Galactic Mapping: Radio telescopes detect this specific frequency to
map the distribution, density, and velocity of neutral hydrogen clouds
across the Milky Way and other galaxies.
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Astrophysical Applications: The 21 cm Line

The Transition
@ The Mechanism: When an electron transitions from the triplet state
to the singlet state it emits a photon.
@ The Signature: The energy difference is tiny
(AE =~ 5.87 x 107° eV), corresponding to a photon with a specific
wavelength of 21.106 cm (frequency ~ 1420 MHz).(Showed before)

Why it matters:

@ Galactic Mapping: Radio telescopes detect this specific frequency to
map the distribution, density, and velocity of neutral hydrogen clouds
across the Milky Way and other galaxies.

@ Cosmology: It is the primary tool for observing the universe’'s Dark
Ages — the era before any star formation.
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Broader Spectroscopic & Technological Applications
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Broader Spectroscopic & Technological Applications

Key Technologies:
e Atomic Clocks (Metrology):
The current Sl definition of the second is explicitly based on the
hyperfine transition frequency of the Cesium-133 atom’s ground state
(exactly 9192631770 Hz).
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Broader Spectroscopic & Technological Applications

Key Technologies:

e Atomic Clocks (Metrology):
The current Sl definition of the second is explicitly based on the
hyperfine transition frequency of the Cesium-133 atom’s ground state
(exactly 9192631770 Hz).

@ Nuclear Magnetic Resonance (NMR) Spectroscopy:
By analyzing how these nuclear dipoles interact with external fields
and each other (dipole-dipole coupling), chemists map complex 3D
molecular structures.
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Broader Spectroscopic & Technological Applications

Key Technologies:

e Atomic Clocks (Metrology):
The current Sl definition of the second is explicitly based on the
hyperfine transition frequency of the Cesium-133 atom’s ground state
(exactly 9192631770 Hz).

@ Nuclear Magnetic Resonance (NMR) Spectroscopy:
By analyzing how these nuclear dipoles interact with external fields
and each other (dipole-dipole coupling), chemists map complex 3D
molecular structures.

e Magnetic Resonance Imaging (MRI):
It maps the hyperfine interactions and spin-flips of protons within the
body’s water molecules to produce high-resolution internal images.
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Broader Spectroscopic & Technological Applications

Key Technologies:

e Atomic Clocks (Metrology):
The current Sl definition of the second is explicitly based on the
hyperfine transition frequency of the Cesium-133 atom’s ground state
(exactly 9192631770 Hz).

@ Nuclear Magnetic Resonance (NMR) Spectroscopy:
By analyzing how these nuclear dipoles interact with external fields
and each other (dipole-dipole coupling), chemists map complex 3D
molecular structures.

e Magnetic Resonance Imaging (MRI):
It maps the hyperfine interactions and spin-flips of protons within the
body’s water molecules to produce high-resolution internal images.

e Electron Spin Resonance (ESR):
Magnetic dipole transitions of unpaired electrons. It is heavily utilized
in biochemistry and materials science to study free radicals and defect

centers.
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